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THE CONTINUITY METHOD TO DEFORM CONE ANGLE
CHENGJIAN YAO
Abstract. The continuity method is used to deform the cone angle of a weak conical Ka¨hler-Einstein
metric with cone singularities along a smooth anti-canonical divisor on a smooth Fano manifold. This
leads to an alternative proof of Donaldson’s Openness Theorem on deforming cone angle [Don] by
combining it with the regularity result of Guenancia-Pa˘un [GP] and Chen-Wang [CW]. This continuity
method uses relatively less regularity of the metric (only weak conical Ka¨hler-Einstein) and bypasses
the difficult Banach space set up; it is also generalized to deform the cone angles of a weak conical
Ka¨hler-Einstein metric along a simple normal crossing divisor (pluri-anticanonical) on a smooth Fano
manifold (assuming no tangential holomorphic vector fields).
1. Introduction
In [Don], Donaldson defined a notion of conical Ka¨hler-Einstein metric where the Ka¨hler potential is
required to have C2,α,β regularity and proved the Openness Theorem on deforming the cone angles by using
a delicate version of the implicit function theorem depending on the Schauder estimate established therein.
In this paper, smooth continuity paths are used to vary the cone angles of weak conical Ka¨hler-Einstein
metrics, which are the solutions to the current equation:
(1.1) Ric ω = βω + 2π(1− β)[D]
where [D] is the current of integration along D, and ω is a Ka¨hler current on X with bounded potential
(in the sense of [BBEGZ]). See Definition 2.1 for the precise definition.
Theorem 1.1. If there exists a weak conical Ka¨hler-Einstein metric ωϕβ with angle 2πβ (0 < β < 1) along
a smooth anti-canonical divisor D on a smooth Fano manifold X, then there exists δ > 0, such that for
all β′ ∈ (β − δ, β + δ), there exists a weak conical Ka¨hler-Einstein metric ωϕβ′ with angle 2πβ′ along the
divisor D.
The method is a combination of two smooth continuity paths, the first one (the one that is used in
[CDS1]) is used to approximate ωϕβ by smooth Ka¨hler metrics with Ricci curvature bounded below by β,
and the second one is used to deform the angle parameter β to nearby β′. The potentials of the smooth
approximating Ka¨hler metrics are shown to have uniform L∞ bound, which enables us to pass to the higher
order bounds. The weak conical Ka¨hler-Einstein metric with angle 2πβ′ is obtained by taking the limit of
these smooth Ka¨hler metrics.
By the very recent regularity result of Guenancia-Pa˘un [GP], proved independently by Chen-Wang [CW],
the deformed weak conical Ka¨hler-Einstein metrics are actually Ho¨lder continuous, i.e. ωϕβ′ ∈ C2,α,β
′
.
Therefore, together with this regularity result, Theorem 1.1 gives a new proof of Donaldson’s Openness
Theorem (Theorem 2 of [Don]) for conical Ka¨hler-Einstein metrics.
Since the essential tool used in the study of continuity path, the log-Mabuchi-functional (see Definition
3.3), requires relatively less regularity, we bypass the implicit function theorem for singular Ka¨hler metrics.
This observation enables us to generalize the openness property to some other settings, where the Banach
space theory seems difficult or subtle to set up. For instance, the case of simple normal crossing divisor
(pluri-anticanonical) on a smooth Fano manifold:
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Theorem 1.2. On a smooth Fano manifold X, suppose there is a weak conical Ka¨hler-Einstein metric
with angle 2πβi (for βi ∈ (0, 1)) along Di, where Di ∈ |−λiKX | with λi > 0 and ∪iDi being simple normal
crossing, and also assume there is no holomorphic vector field tangential to any Di. Then there exists δ > 0
small enough such that for all β′i ∈ (βi − δ, βi + δ), there exists a weak conical Ka¨hler-Einstein metric with
angle 2πβ′i along Di for i = 1, · · · , k .
Acknowledgement : The author is very grateful to his advisor, Professor Xiuxiong Chen, for introducing
this problem about openness and giving insight on the possibility of bypassing the implicit function theorem
for singular metrics. Great thanks also go to Dr. Song Sun, Yuanqi Wang and Long Li for helpful discussions
and useful suggestions.
2. Setting Up Continuity Paths
Let X be a smooth Fano manifold, fix a smooth background Ka¨hler metric ω0 in 2πc1(X), and write
hω0 as its Ricci potential (with the normalization supX hω0 = 0). Let S be a holomorphic defining section
of a smooth divisor D ∈ | −KX | and let h be a smooth Hermitian metric on the line bundle LD defined
by D with curvature ω0. Let [D] denote the current of integration along D. We first define the notion of
weak conical Ka¨hler-Einstein metric:
Definition 2.1 (Weak Conical Ka¨hler-Einstein Metric). Let ωϕβ = ω0 +
√−1∂∂¯ϕβ for ϕβ ∈ C∞(X\D) ∩
C0(X) be a smooth Ka¨hler metric on X\D with bounded local Ka¨hler potential near D. We say ωϕβ is
a weak conical Ka¨hler-Einstein metric with angle 2πβ along D if the following complex Monge-Ampe`re
equation:
ω
n
ϕβ
= e−βϕβ+hω0
ωn0
|S|2−2βh
.
is satisfied on X\D, or equivalently the current equation
Ric ωϕβ = βωϕβ + 2π(1− β)[D]
is satisfied on X.
Remark 2.2. The weak conical Ka¨hler-Einstein metric defined above is automatically quasi-isometric to
a model conical Ka¨hler metric near D and has C2,α,β regularity in the sense of Donaldson [Don] by the
regularity result of [GP]. Also note that in [Yao], the smooth approximations obtained from the solutions
of the smooth continuity paths are shown to have uniform C1,1 bound. Therefore the weak conical Ka¨hler-
Einstein metric has C1,1 regularity, from which [CW] gives the C2,α,β regularity.
By Poincare´-Lelong’s formula, χ = ω0 +
√−1∂∂¯ log |S|2h = 2π[D] as currents. We define a smooth
approximation χǫ = ω0 +
√−1∂∂¯ log(|S|2h + ǫ) for ǫ ∈ (0, 1].
Let ωϕβ be a weak conical Ka¨hler-Einstein metric. The authors of [CDS1] used a smooth continuity
path depending on two parameters to construct a family of smooth Ka¨hler metrics (with Ricci curvature
bounded below by β) to approximate ωϕβ in the Gromov-Hausdorff sense. We adopt the same two parameter
continuity path. Let us first recall the construction. Since the volume form ωnϕβ ∈ Lp(X,ωn0 ) for p ∈ [1, 11−β ),
we can choose a family of smooth volume forms ηǫ with ǫ ∈ (0, 1] approximating it in Lp, and then solve
the Monge-Ampe`re equation
(2.1) ωnϕǫ = ηǫ
by using the solution in [Yau]. Ko lodziej’s Lp estimate [Ko] asserts that ||ϕǫ||Cγ is uniformly bounded for
some γ ∈ (0, 1), and consequently ϕǫ (normalized to have 0 as supremum) subsequentially converges to
some ϕ0. By a general uniqueness theorem for bounded solutions of complex Monge-Ampe`re equations,
ϕ0 = ϕβ + C, and therefore we can assume ϕǫ converges to ϕβ by passing to a subsequence.
Again from Yau’s solution [Yau], we have smooth Ka¨hler potentials ψǫ,β such that
(2.2) Ric ωψǫ,β = βωϕǫ + (1− β)χǫ
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or equivalently satisfying Monge-Ampe`re equation
(2.3) ωnψǫ,β = e
−βϕǫ+hω0
ωn0
(|S|2h + ǫ)1−β
It follows from Ko lodziej’s Lp estimate [Ko] that ||ψǫ,β ||L∞(X) is uniformly bounded.
Following [CDS1] (equation 3.4), we then use the two parameter continuity path ⋆βǫ,t with ǫ ∈ (0, 1] and
t ∈ [0, β] to deform the Ka¨hler metrics ωψǫ,β :
⋆
β
ǫ,t :
{
Ric ω
φ
β
ǫ,t
= tω
φ
β
ǫ,t
+ (β − t)ωϕǫ + (1− β)χǫ
φ
β
ǫ,0 = ψǫ,β
In [CDS1], the authors first use Donaldson’s Openness Theorem to deform the cone angles of conical
Ka¨hler-Einstein metrics to show that the log-Mabuchi-functional is coercive, which enables them to solve
the above path for t ∈ [0, β]. However, in our situation, we can not use Donaldson’s Openness Theorem
to deform the cone angle and thus we lack of the “coercivity” of the log-Mabuchi-functional. Instead, we
use the modified log-Mabuchi-functional (Definition 3.3) to establish the solvability for t ∈ [0, β′] for any
parameter β′ < β. Then we will argue by contradiction to solve ⋆βǫ,t for t ∈ [0, β] with a uniform L∞ bound
on φβǫ,β. The next step is to start from φ
β
ǫ,β and use the standard openness property for another smooth
continuity path ⋆ǫ,t:
⋆ǫ,t :
{
Ric ωuǫ,t = tωuǫ,t + (1− t)χǫ
uǫ,β = φ
β
ǫ,β
to deform the parameter t to nearby β′ with uniform L∞ bound on uǫ,β′ .
3. Solutions of ⋆βǫ,t Up to t = β
First we need to recall some well-known functionals which are going to be used in this paper.
3.1. Functionals. Fix ω0 to be a smooth Ka¨hler metric on X. The space of Ka¨hler potentials is
H = {φ ∈ C∞(X)|ω0 +
√−1∂∂¯φ > 0}
Definition 3.1. Let α ∈ 2πc1(X) be a smooth closed (1, 1) form and χ be 2π[D] as before. For any φ ∈ H,
take φt with t ∈ [0, 1] to be a smooth path in H connecting 0 and φ. All the functionals described below are
defined by integration along the path φt ( it can be verified that the values do not depend on the particular
choice of the path φt).
(3.1) Jα(φ) := n
∫ 1
0
dt
∫
X
φ˙t(α− ωφt) ∧ ωn−1φt
(3.2) Jχ(φ) = 2πn
∫ 1
0
dt
∫
D
φ˙tω
n−1
φt
− n
∫ 1
0
dt
∫
X
φ˙tω
n
φt
[Mabuchi-functional]
(3.3) E(φ) = −n
∫ 1
0
dt
∫
φ˙t(Ric ωφt − ωφt) ∧ ωn−1φt
[log-Mabuchi-functional]
(3.4) E(1−β)D(φ) = E(φ) + (1− β)Jχ(φ)
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The functional Jα was introduced by Sze´kelyhidi [Sz] to study the Aubin-Yau continuity path initiated
from different (1, 1) forms in 2πc1(X). The Mabuchi-functional was introduced by Mabuchi [Ma] to study
the Ka¨hler-Einstein problem. The log-Mabuchi-functional was used to study conical Ka¨hler-Einstein met-
rics, see [Berm, BBEGZ, SW, LS, CDS1]. The notation here is the same as in [CDS1]. In [CDS1], a smooth
approximation with ǫ ∈ (0, 1] of the log-Mabuchi-functional was introduced to study the corresponding
smooth continuity path:
(3.5) Eǫ,(1−β)D(φ) := E(φ) + (1− β)Jχǫ(φ)
where
Jχǫ(φ) = n
∫ 1
0
dt
∫
X
φ˙t(χǫ − ωφt) ∧ ωn−1φt
Take α = ω0, then
Jω0(φ) = (I − J)(φ) =
1
n+ 1
n∑
i=0
∫
X
φω
i
φ ∧ ωn−i0 −
∫
X
φω
n
φ
where I and J are the classical functionals defined by Aubin [Au],
I(φ) :=
∫
X
φω
n
0 −
∫
X
φω
n
φ ;
J(φ) :=
∫
X
φω
n
0 − 1
n+ 1
n∑
i=0
∫
X
φω
i
φ ∧ ωn−i0
There is an easy comparison according to [Au]:
(3.6)
1
n+ 1
I(φ) ≤ Jω0(φ) ≤ I(φ)
The following proposition lists the properties needed in this paper.
Proposition 3.2. 1. ([Sz]) If α′ = α+
√−1∂∂¯ψ, then
Jα′(φ)− Jα(φ) =
∫
X
ψ(ωnφ − ωn0 )
2.([Chen]) The Mabuchi-functional has an well-known explicit formula:
E(φ) =
∫
X
log
ωnφ
ehω0ωn0
ω
n
φ − Jω0(φ) +
∫
X
hω0ω
n
0
3.([Tian]) Let ω0 and ωφ = ω0 +
√−1∂∂¯φ be two smooth Ka¨hler metrics on X, and let CP , CS be the
corresponding Poincare´ and Sobolev constants. Then for some δn > 0, which is a dimensional constant, the
following estimate holds:
Osc φ ≤ {CS(ω0)δnCP (ω0) + CS(ωφ)δnCP (ωφ)}Jω0(φ) + CS(ω0)δn + CS(ωφ)δn
4.[Chern, Lu] Suppose ω and η are two Ka¨hler metrics on a compact Ka¨hler manifold, if Ric ω ≥ C1ω−C2η
and the holomorphic bisectional curvature Rη
ij¯kl¯
≤ C3(hij¯hkl¯ + hil¯hkj¯), then
∆ω log trωη ≥ C1 − (C2 + 2C3)trωη.
As explained in the introduction, in order to solve ⋆βǫ,t, we need to introduce the modified log-Mabuchi-
functional by adding an extra term to achieve coercivity.
Definition 3.3. [modified log-Mabuchi-functional] For any β′ < β and ǫ ∈ (0, 1], define
E˜ǫ,β′ := Eǫ,(1−β)D + (β − β′)Jωϕǫ
where ϕǫ is the solution to equation 2.1.
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Notice that this modified functional depends on the choice of ϕǫ and later we will see that its precise
form is made such that it is decreasing along the continuity path ⋆βǫ,t for t ∈ [0, β′]. The following lemma
shows that this modified log-Mabuchi-functional is coercive.
Proposition 3.4. For any fixed β′ < β, there exists C = Cβ′ independent of ǫ such that for all ǫ ∈ (0, 1]:
E˜ǫ,β′ ≥ (β − β′)Jω0 − C
Proof. Rewrite the functional as following:
E˜ǫ,β′ = E + (1− β)Jχǫ + (β − β′)Jωϕǫ
= E(1−β)D + (1− β)(Jχǫ − Jχ) + (β − β′)(Jωϕǫ − Jω0) + (β − β′)Jω0 .
• The first term E(1−β)D is the log-Mabuchi-functional. It follows from [Berm, BBEGZ] that E(1−β)D
is bounded from below under the assumption that there exists a weak conical Ka¨hler-Einstein metric
ωϕβ ;
• The first error term Jχǫ − Jχ is bounded from below by the following computation (see [CDS1] for
more detailed calculation):
(Jχǫ − Jχ)(φ) =
∫
X
{log(|S|2h + ǫ)− log |S|2h}(ωnφ − ωn0 )
≥
∫
X
{log |S|2h − log(|S|2h + ǫ)}ωn0
≥ − sup
X
log(|S|2h + 1) +
∫
X
log |S|2hωn0
• The second error term Jωϕǫ − Jω0 , whose formula appears in the first part of Proposition 3.2, is
bounded from below:
(Jωϕǫ − Jω0)(φ) =
∫
X
ϕǫ(ω
n
φ − ωn0 )
≥ −2||ϕǫ||L∞(X)
Therefore, if C is chosen to be
C = 2(β − β′)||ϕǫ||L∞(X) − (1− β)
∫
X
log |S|2hωn0 + (1− β) sup
X
log(|S|2h + 1),
the coercivity of E˜ǫ,β′ in the lemma holds. 
In the next section, we will try to solve ⋆βǫ,t for t ∈ [0, β′], ǫ ∈ (0, 1] with a uniform L∞ bound on φβǫ,t.
3.2. Solution for ⋆βǫ,t with t ∈ [0, β′] and ǫ ∈ (0, 1]. We need two lemmas which enable us to obtain
uniform estimates of φβǫ,t along the continuity path ⋆
β
ǫ,t. The first lemma appeared in the work of [JMR]
whose proof is based on the Chern-Lu inequality and is given here for completeness.
Lemma 3.5. [JMR] There exists C = CA such that if ⋆
β
ǫ,t have solution φ
β
ǫ,t with Osc φ
β
ǫ,t ≤ A, then
ω
φ
β
ǫ,t
≥ C−1ω0
Proof. By comparing the Ka¨hler metric ω
φ
β
ǫ,t
(denoted by ωφǫ for simplifying notation) which has Ricci
curvature bounded below by 0 and the fixed smooth Ka¨hler metric ω0 which has a fixed upper bound Λ on
the bisectional curvature, the Chern-Lu Inequality (see part 4 of Proposition 3.2) tells that
∆ωφǫ log trωφǫω0 ≥ −2Λtrωφǫω0.
By using the fact that ∆ωφǫφǫ = trωφǫ (ωφǫ − ω0) = n− trωφǫω0, we get the inequality
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∆ωφǫ {log trωφǫω0 − (2Λ + 1)φǫ} ≥ trωφǫω0 − n(2Λ + 1).
The maximum principle on X tells us trωφǫω0 ≤ {n(2Λ + 1)}e(2Λ+1)Osc φǫ ≤ C. Thus the lower bound of
ωφǫ claimed in this lemma is obtained. 
The second lemma is an application of Evans-Krylov’s theorem [Ev, Kr] for C2,α bound and higher order
bounds.
Lemma 3.6. For any subset K ⊂⊂ X\D, and k ∈ N, there exists C = CA,K,k such that if ⋆βǫ,t have
solutions φβǫ,t with Osc φ
β
ǫ,t ≥ A, then
||φβǫ,t||Ck(K) ≤ C
Proof. First we have the equation:
(3.7) ωn
φ
β
ǫ,t
= e−tφ
β
ǫ,t−(β−t)ϕǫ+hω0
ωn0
(|S|2h + ǫ)1−β
By Lemma 3.5 above, on any Euclidean ball U inside K, the above equation reads as an equation of the
type
ω
n
φ = Fω
n
0
where ||F ||Cα and ∆ω0φ are uniformly bounded. By the standard Evans-Krylov theorem [Ev, Kr],
||φ||C2,α ≤ C
and the higher order bound follows from a standard bootstrapping argument. 
Proposition 3.7. For any fixed β′ < β, ⋆βǫ,t is solvable for t ∈ [0, β′], ǫ ∈ (0, 1] and there exists C = Cβ′
such that
||φβ
ǫ,β′
||L∞(X) ≤ C
Proof. The proof follows a standard line, which is similar to the argument in [CDS1] if the modified log-
Mabuchi-functional is used instead of the usual log-Mabuchi-functional. For the readers’ convenience, the
calculation is included below.
On the one hand, along the interval t ∈ [0, β′) on the continuity path ⋆βǫ,t, the functional E˜ǫ,β′ is
decreasing by a direct calculation:
d
dt
E˜ǫ,β′(φ
β
ǫ,t) =− n
∫
X
φ˙
β
ǫ,t{Ric ωφβǫ,t − ωφβǫ,t} ∧ ω
n−1
φ
β
ǫ,t
+ n(β − β′)
∫
X
φ˙
β
ǫ,t{ωϕǫ − ωφβǫ,t} ∧ ω
n−1
φ
β
ǫ,t
+ n(1− β)
∫
X
φ˙
β
ǫ,t{χǫ − ωφβǫ,t} ∧ ω
n−1
φ
β
ǫ,t
=n(β′ − t)
∫
X
φ˙
β
ǫ,t(ωφβǫ,t
− ωϕǫ) ∧ ωn−1φβǫ,t
=(β′ − t)
∫
X
(φβǫ,t − ϕǫ)∆ω
φ
β
ǫ,t
φ˙
β
ǫ,tω
n
φ
β
ǫ,t
=(β′ − t)
∫
X
(φβǫ,t − ϕǫ){−(φβǫ,t − ϕǫ)− tφ˙βǫ,t}ωnφβǫ,t
=− (β′ − t)
∫
X
(φβǫ,t − ϕǫ)2ωnφβǫ,t + t(β
′ − t)
∫
X
φ˙
β
ǫ,t{∆ω
φ
β
ǫ,t
+ t}φ˙βǫ,tωnφβǫ,t
≤0
where in the last inequality the second term is nonpositive by Lichnerowicz’s estimate of the first eigenvalue
of Laplacian operator on a manifold with a positive lower bound of the Ricci curvature.
On the other hand, since the initial potentials ψǫ,β satisfes the Monge-Ampe`re equation 2.3, by using
the explicit formula for the log-Mabuchi-functional in Proposition 3.2, we have
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E˜ǫ,β′(ψǫ,β) =
∫
X
{−βϕǫ − (1− β) log(|S|2h + ǫ)}e−βϕǫ+hω0 ω
n
0
(|S|2h + ǫ)1−β
− Jω0(ψǫ,β) +
∫
X
hω0ω
n
0
+ (β − β′)Jωϕǫ (ψǫ,β) + (1− β)Jχǫ (ψǫ,β)
Since ||ϕǫ||L∞(X) and ||ψǫ,β ||L∞(X) are uniformly bounded from above by C, the first term
|
∫
X
{−βϕǫ − (1− β) log(|S|2h + ǫ)}e−βϕǫ+hω0 ω
n
0
(|S|2h + ǫ)1−β
|
≤ C
∫
X
|S|2β−2h | log |S|2β−2h |ωn0 ≤ C
and the other terms
Jω0(ψǫ,β ≤ I(ψǫ,β) =
∫
X
ψǫ,β(ω
n
0 − ωnψǫ,β )
Jωϕǫ (ψǫ,β) = Jω0(ψǫ,β) +
∫
X
ϕǫ(ω
n
ψǫ,β
− ωn0 )
Jχǫ (ψǫ,β) = Jω0(ψǫ,β) +
∫
X
log(|S|2h + ǫ)(ωnψǫ,β − ωn0 )
are all bounded from above (independent of ǫ). Thus the values of E˜ǫ,β′ at the initial points ψǫ,β are
uniformly bounded (independent of ǫ) from above.
The modified log-Mabuchi-functional is coercive (see Lemma 3.4):
E˜ǫ,β′(φ) ≥ (β − β′)Jω0(φ)− C
Therefore along the interval t ∈ [0, γ] where γ ≤ β′ on which ⋆βǫ,t can be solved,
Jω0(φ
β
ǫ,t) ≤ C
for C independent of ǫ ∈ (0, 1] and t ∈ [0, γ]. Along the continuity path ⋆βǫ,t for t ∈ [δ, γ], for some fixed
δ > 0, we have Ric ω
φ
β
ǫ,t
≥ δω
φ
β
ǫ,t
, therefore the Poincare´ and Sobolev constants of the family of Ka¨hler
metrics ω
φ
β
ǫ,t
are uniformly bounded. By the third part of Propositon 3.2,
Osc φβǫ,t ≤ C
Since they satisfy the Monge-Ampe`re equation:
(3.8) ωn
φ
β
ǫ,t
= e−tφ
β
ǫ,t−(β−t)ϕǫ+hω0
ωn0
(|S|2h + ǫ)1−β
we can easily deduce that
||φβǫ,t||L∞(X) ≤ C
Lemma 3.5 and 3.6 give us the higher order estimates for φβǫ,t (which may depend on ǫ), therefore the
equation ⋆βǫ,t can be solved up to t = β
′ with uniform L∞ bound on φβǫ,t (independent of ǫ). 
Since β′ is any parameter smaller than β, and the continuity path ⋆βǫ,t does not depend on β
′, we
immediately get the following corollary:
Corollary 3.8. For all ǫ ∈ (0, 1], the continuity path ⋆βǫ,t can be solved for t ∈ [0, β).
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3.3. Solution up to t = β for ⋆βǫ,t. We first need a simple convergence property about the I functional
that will be used several times later.
Lemma 3.9. If φβǫj ,tj converges to φ in the C
α sense globally on X, then
lim
j→∞
I(φβǫj,tj ) = I(φ).
Proof. We have the formula
I(φβǫj,tj ) =
∫
X
φ
β
ǫj ,tj
ω
n
0 −
∫
X
φ
β
ǫj ,tj
e
−tjφ
β
ǫj,tj
−(β−tj)ϕǫj+hω0 ω
n
0
(|S|2h + ǫj)1−β
and the second integrand is bounded by some L1 function on X. The convergence claimed in the lemma
follows from the Dominated Convergence Theorem.

Since Corollary 3.8 already assures that ⋆βǫ,t can be solved on the open interval [0, β) with uniform L
∞
bound on φβ
ǫ,β′
for any fixed β′ < β, what remains to be shown is a bound on Jω0(φ
β
ǫ,t), uniform in ǫ and
t ∈ (β′, β). Since Aubin’s I functional is equivalent to Jω0 by the inequality 3.6, we have
(3.9) I(φβǫ,β′) ≤ C
for C independent of ǫ. By a contradiction argument based on Berndtsson’s Generalized Bando-Mabuchi
Theorem [Bern], the required uniform bound is achievable by the following proposition:
Proposition 3.10. For any fixed β′ < β, there exists ǫ0 = ǫ0(β
′) > 0, such that for all ǫ ∈ (0, ǫ0] we have
sup
t∈[β′,β)
{I(φβǫ,t)− I(φβǫ,β′)} ≤ 1.
Proof. Argue by contradiction. Suppose the claimed estimate does not hold. Then there exists a sequence
ǫj ց 0, with
sup
t∈[β′,β)
{I(φβǫj,t)− I(φ
β
ǫj,β
′)} > 1
Let tj be the first number t ∈ (β′, β) such that
I(φβǫj,tj )− I(φ
β
ǫj,β
′) = 1
By the inequality 3.9,
I(φβǫj,tj ) ≤ C + 1
Then we get the uniform bound on φβǫj ,tj and argue similarly as in the proof of Proposition 3.7: we have
all the higher order bounds
||φβǫj ,tj ||Ck(K) ≤ Ck,K
on any K ⊂⊂ X\D and k ∈ N. By taking a subsequence, we can assume that φβǫj ,tj converges to the φ in
Cα sense globally on X and in the C∞ sense away from D.
If tj → t∞, φ will be a solution to the current equation:
Ric ωφ = t∞ωφ + (β − t∞)ωϕβ + (1− β)χ
On the other hand, the weak conical Ka¨hler-Einstein metric ωϕβ is also a solution:
Ric ωϕβ = t∞ωϕβ + (β − t∞)ωϕβ + (1− β)χ
Let Ω1 = t∞ωφ, Ω2 = t∞ωϕβ and θ = (β− t∞)ωϕβ +(1− β)χ. Then Ω1,Ω2 give two bounded solutions
to the equation:
Ric Ω = Ω + θ
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in the fixed cohomology class 2πt∞c1(X). Berndtsson’s Uniqueness Theorem [Bern] implies that there
exists f ∈ Aut(X) which is generated by some holomorphic vector field V on X such that
f
∗Ω1 = Ω2
and
f
∗
θ = θ
Since θ = (β − t∞)ωϕβ + (1 − β)χ is the Siu’s decomposition of a current, and (β − t∞)ωϕβ has zero
Lelong’s number,
f
∗
χ = χ
Therefore V is tangential to D. However, there are no holomorphic vector fields tangential to D according
to Theorem 1.5 of Berman [Berm] (by proving the properness of the log-Mabuchi-functional) or Theorem
2.1 of Song-Wang [SW] (by pure algebraic geometry). Hence f = id, which implies that Ω1 = Ω2, and in
particular φ = ϕβ. And similarly φ
β
ǫj ,β
′ converges to ϕβ in the C
α sense globally on X.
However, by Lemma 3.9
0 = I(ϕβ)− I(ϕβ) = lim
j→∞
I(φβǫj,tj )− I(φ
β
ǫj,β
′) = 1
which is a contradiction. 
With the uniform upper bound on the I functional of Proposition 3.10, the same strategy as in Propo-
sition 3.7 would show the following:
Proposition 3.11. There exists ǫ0 > 0 such that for all ǫ ∈ (0, ǫ0], the continuity path ⋆βǫ,t is solvable up
to t = β with a uniform bound ||φβǫ,β ||L∞(X) for ǫ ∈ (0, ǫ0].
4. Deforming The Cone Angle from β
The endpoint ω
φ
β
ǫ,β
of the continuity path ⋆βǫ,t will be the starting point of the new two parameter family
continuity path ⋆ǫ,t defined in section 2, with ǫ ∈ (0, ǫ0]:
⋆ǫ,t :
{
Ric ωuǫ,t = tωuǫ,t + (1− t)χǫ
uǫ,β = φ
β
ǫ,β
Since χǫ is a strictly positive (1, 1) form, the linearized operator at t = β, which equals to ∆ωuǫ,β + β,
is invertible for some standard suitable Banach spaces. The standard implicit function theorem enables us
to perturb t a little bit in both directions on ⋆ǫ,t for ǫ ∈ (0, ǫ0].
Proposition 4.1. In both directions, there is uniform upper bound on the I functional under small pertur-
bation:
• There exists δ1 > 0 such that for all β′ ∈ (β − δ1, β), there exists ǫ1 ∈ (0, ǫ0] such that for all
ǫ ∈ (0, ǫ1)
sup
t∈(β′,β]
{I(uǫ,t)− I(uǫ,β)} ≤ 1
• There exists δ2 > 0 such that for all β′′ ∈ (β, β + δ2), there exists ǫ2 ∈ (0, ǫ0] such that for all
ǫ ∈ (0, ǫ2)
sup
t∈[β,β′′)
{I(uǫ,t)− I(uǫ,β)} ≤ 1
Consequently, take δ = min(δ1, δ2) and ǫ = min(ǫ1, ǫ2), then uǫ,t will have uniform L
∞ bound for ǫ ∈ (0, ǫ]
and t ∈ (β − δ, β + δ).
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Proof. Since the two directions are similar, we only prove the right direction. The proof uses the same idea
as in Proposition 3.10. We argue by contradiction based on normalization of the I functional. Assume the
conclusion is not true, then we can find a sequence ǫj ց 0 and β′′j = β + δj with δj ց 0, such that
sup
t∈[β,β′′
j
]
{I(uǫj ,t)− I(uǫj ,β)} > 1
Let tj be the first number bigger than β such that
I(uǫj ,tj )− I(uǫj ,β) = 1
Since I(uǫj,β) is uniformly bounded by Proposition 3.11,
I(uǫj,β) ≤ C,
which implies that
I(uǫj ,tj ) ≤ C + 1
The standard argument gives the L∞ bound since the Ricci curvature of this family of metrics is uniformly
bounded below by some positive constant and the volume is a fixed topological constant.
The continuity path ⋆ǫ,t corresponds to the Monge-Ampe`re equation
(4.1) ωnuǫ,t = e
−tuǫ,t+hω0
ωn0
(|S|2h + ǫ)1−t
Even though this equation is different from equation 3.8, the uniform L∞ bound of uǫj ,tj will imply the
R.H.S. is uniform in Lp for some p > 1, which yields the global Cα bound for some α ∈ (0, 1) by [Ko].
Now by using the analogous result of Lemma 3.5 and 3.6 for equation 4.1, we get all the higher order
bounds of uǫj ,tj away from D. Then by taking the limit (subsequentially) uǫj ,tj converges to some u in the
Cα sense globally on X and C∞ sense away from D, and uǫj ,β converges to some v in the same sense. We
know that u and v are both solutions to the equation:
Ric ω = βω + (1− β)χ
By the same argument as in Proposition 3.10,
u = v = ϕβ .
Similar to Lemma 3.9, we have the convergence of the functional I by the Dominated Convergence Theorem:
0 = I(u)− I(v) = lim
j→∞
I(uǫj ,tj )− I(uǫj ,β) = 1
Contradiction. 
As a consequence, we can finish the proof of Theorem 1.1.
Proof of Theorem 1.1. Proposition 4.1 gives a family of solutions with ǫ ∈ (0, ǫ] and β′ ∈ (β − δ, β + δ):
(4.2) ωnuǫ,β′ = e
−β′uǫ,β′+hω0
ωn0
(|S|2h + ǫ)1−β′
with ||uǫ,β′ ||L∞ ≤ C independent of ǫ and β′. Then by taking a limit, ϕβ′ = limǫ→0 uǫ,β′ is bounded on X
and smooth away from D. Moreover it satisfies:
ω
n
ϕβ′
= e−β
′ϕβ′+hω0
ωn0
|S|2−2βh
.
Therefore ωϕβ′ is a weak conical Ka¨hler-Einstein metric of angle 2πβ
′ along D. 
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Remark 4.2. As is shown in [Yao], around each point p on D a uniform C1,1 comparison for the smooth
approximation ωuǫ,β′ holds, i.e.
C
−1
ω(β′,ǫ) ≤ ωuǫ,β′ ≤ Cω(β′,ǫ)
where ω(β′,ǫ) =
√−1{β′2(|z1|2 + ǫ)β−1dz1 ∧ dz¯1 +
∑n
i=2 dzi ∧ dz¯i} for D locally defined by {z1 = 0}. A
similar result was obtained by [GP] with a different method.
5. A More General Case–Simple Normal Crossing Divisor (Pluri-anticanonical)
In this section, we use the same idea to deform the cone angles for weak conical Ka¨hler-Eistein metrics
along a simple normal crossing divisor (pluri-anticanonical) on a smooth Fano manifold.
Let X be a smooth Fano manifold with a smooth background Ka¨hler metric ω0, and let D1, D2, · · · , Dk
be a collection of smooth hypersurfaces in X with simple normal crossing at any intersection points. Let
b = (β1, · · · , βk) be a k-tuple of numbers in (0, 1). Let Si be the defining section of Di, and choose a
smooth Hermitian metric hi on the holomorphic line bundle LDi with smooth curvature form αi. Let
χi = αi +
√−1∂∂¯ log |Si|2hi = 2π[Di]. Generalizing Definition 2.1, we can define weak conical Ka¨hler-
Einstein metrics with angles 2πβi along Di (see [GP] for a more general definition for a KLT pair).
Definition 5.1. Let ωϕb be a smooth Ka¨hler metric on X\ ∪iDi with the potential ϕb bounded on X. If
it satisfies:
(5.1) ωnϕb = e
−µϕb+hω0
ωn0
Πki=1|Si|2−2βihi
or equivalently the equation:
(5.2) Ric ωϕb = µωϕb +
k∑
i=1
(1− βi)χi
it is called a weak conical Ka¨hler-Einstein metric on X with angle 2πβi along Di.
It was shown by Guenancia-Pa˘un [GP] that the weak conical Ka¨hler-Einstein metric defined above has
“conical” behavior in the sense that it is quasi-isometric to a standard local model conical Ka¨hler metric
near each point on ∪iDi (Theorem A of [GP]) and the metric is actually Ho¨lder continuous (Theorem B of
[GP]) .
Notice that in this situation the cohomological condition holds:
(5.3) 2πc1(X) = µ[ωϕb ] + 2π
k∑
i=1
(1− βi)[Di]
Proof of Theorem 1.2 If Di ∈ | − λiKX | with λi > 0, then αi can be chosen to be λiω0 by suitable
choice of hi. Let
χ
i
ǫ = λiω0 +
√−1∂∂¯ log(|Si|2hi + ǫ)
with ǫ ∈ (0, 1] be the smoothing of
χ
i = λiω0 +
√−1∂∂¯ log |Si|2hi = 2π[Di]
Let µ = r(b) := 1−∑ki=1 λi(1− βi). The first step is also to approximate ωϕb by smooth Ka¨hler metrics
ωϕǫ,b in the C
γ sense. For any µ′ < µ, we introduce the analogous modified log-Mabuchi-functional
E˜ǫ,µ′ = E +
k∑
i=1
(1− βi)Jχiǫ + (µ− µ
′)Jωϕǫ,b
where Jχiǫ is defined by slightly generalizing the Jα functional defined in Definition 3.1 to the case where
α ∈ 2πλc1(X).
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This functional can be used to solve the continuity path ⋆bǫ,t:
(5.4) Ric ωφbǫ,t
= tωφbǫ,t
+ (µ− t)ωϕǫ,b +
k∑
i=1
(1− βi)χiǫ
up to t = µ with uniform L∞ bound on φbǫ,µ. One remark is that along the continuity path ⋆
b
ǫ,t, in
the case of negative or zero Ricci curvature, the L∞ bound is obtained by the maximum principle or
Ko lodziej’s estimate [Ko]. Comparatively, in the case of positive Ricci curvature, we use Moser’s Iteration,
which depends on the uniform bound of the Sobolev constant and Poincare´ constant (both hold on the
continuity path). Another remark is that the condition simple normal crossing is required since Ko lodziej’s
estimate requires uniform Lp bound of the R.H.S. of equation 5.1 some some p > 1. And in the contradiction
argument here we need to use the Uniqueness Theorem (Theorem 5.1 of [BBEGZ]) for weak Ka¨hler-Einstein
metrics.
We can then deform the angle parameters β′is as in section 4. The potentials φ
b
ǫ,µ give the starting points
at t = µ for the continuity paths:
(5.5) Ric ωuǫ,t = tωuǫ,t +
k∑
i=1
(1− βi,t)χiǫ
Since there are k parameters β1, · · · , βk to vary and only one time parameter, we need to use successive
continuity paths to achieve this, i.e. firstly deform β1 to β
′
1 nearby, and then start from this new weak
conical Ka¨hler-Einstein metric to deform the second angle β2 to β
′
2 nearby, and so on · · · . After k steps,
we can deform (β1, β2, · · · , βk) to (β′1, β′2, · · · , β′k) nearby. This finishes the proof of Theorem 1.2.
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